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Abstract17

Many subglacial environments consist of a fine-grained, deformable sediment bed, known18

as till, hosting an active hydrological system that routes meltwater. Observations show19

that the till undergoes substantial shear deformation as a result of the motion of the over-20

lying ice. The deformation of the till, coupled with the dynamics of the hydrological sys-21

tem, is further affected by the substantial strain rate variability in subglacial conditions22

resulting from spatial heterogeneity at the bed. However, it is not clear if the relatively23

low magnitudes of strain rates affect the bed structure or its hydrology. We study how24

laterally varying shear along the ice-bed interface alters sediment porosity and affects25

the flux of meltwater through the pore spaces. We use a discrete element model consist-26

ing of a collection of spherical, elasto-frictional grains with water-saturated pore spaces27

to simulate the deformation of the granular bed. Our results show that a deforming gran-28

ular layer exhibits substantial spatial variability in porosity in the pseudo-static shear29

regime, where shear strain rates are relatively low. In particular, laterally varying shear30

at the shearing interface creates a narrow zone of elevated porosity which has increased31

susceptibility to plastic failure. Despite the changes in porosity, our analysis suggests that32

the pore pressure equilibrates near-instantaneously relative to the deformation at crit-33

ical state, inhibiting potential strain rate dependence of the deformation caused by bed34

hardening or weakening resulting from pore pressure changes. We relate shear variation35

to porosity evolution and drainage element formation in actively deforming subglacial36

tills.37

Plain Language Summary38

The ice at the base of certain glaciers moves over soft sediments that route melt-39

water through the pore spaces in between the sediment grains. The ice shears the sed-40

iment, but it is not clear if this slow shearing is capable of changing the structure or vol-41

ume of the pore space, or the path of the meltwater that flows through the sediment. To42

study the relations between the shearing of the sediment and the changes in its pore space,43

we use computer simulations that portray the sediment as a collection of closely packed44

spherical grains, where the pores are filled with meltwater. To shear the simulated sed-45

iment, the grains at the top are pushed with fixed speeds in the horizontal direction. De-46

spite the slow shear, which is generally thought of as having no effect on pore space, our47

results show that shearing changes the sizes of the pores in between the grains, where48

large pores are formed near the top of the sediment layer. If the grains at the top are49

pushed with uneven speeds, then the largest pores are formed in the areas where grain50

speeds vary the most. We show that the exchange of meltwater between neighboring pores51

is faster than the movement of the grains, indicating that the meltwater can adjust quickly52

to changing pore space.53

1 Introduction54

Large portions of the two ice sheets, Antarctica and Greenland, are underlain by55

soft, deformable sediment, known as till (Blankenship et al., 1986; Alley et al., 1987; Evans56

et al., 2006; Christianson et al., 2014; Lindeque et al., 2016). The plastic yield strength57

of the till determines the resistance to the moving ice at the subglacial interface and hence58

plays a key role in determining ice-sheet stability (Tulaczyk et al., 2000b; Bougamont59

et al., 2011). However, the complex interplay of different physical processes, from gran-60

ular deformation to pore-water pressure variation and meltwater influx from the frictional61

heating of the ice, makes the dynamics of the subglacial interface challenging to under-62

stand.63

The simplest context in which we can study this interplay of processes is a tem-64

perate subglacial environment with soft, granular till undergoing shear. We analyze its65

shear deformation at spatial scales smaller than those of spatially heterogeneous hydro-66
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logical systems commonly present in subglacial environments (Flowers, 2015). In this limit,67

the basal resistance to ice motion is governed by the granular mechanics within till. Many68

laboratory studies target this setting and scale (e.g., N. R. Iverson et al., 1998; Tulaczyk69

et al., 2000a; Rathbun et al., 2008; N. R. Iverson & Zoet, 2015; Zoet & Iverson, 2020).70

Theoretical and numerical analyses of granular dynamics are a valuable complement to71

laboratory studies of subglacial till (MiDi, 2004; da Cruz et al., 2005; Jop et al., 2006;72

Henann & Kamrin, 2013; Damsgaard et al., 2013, 2015, 2020; Kim & Kamrin, 2020). Crit-73

ically, most of the existing theoretical analyses focus on much higher strain rates than74

would be representative of a subglacial environment. Moreover, the theoretical analy-75

ses do not consider spatial shear variability within the granular beds, which is ubiqui-76

tous in subglacial environments (Engelhardt & Kamb, 1997; Schoof, 2004; Zoet & Iver-77

son, 2020).78

One source of spatial shear variability is the changes in stresses and pressures in-79

duced by proximal active hydrological drainage systems (Engelhardt & Kamb, 1997; Fis-80

cher & Clarke, 2001; Boulton et al., 2001; Mair et al., 2003; Damsgaard et al., 2016). De-81

bris in the basal ice introduces roughness, and correspondingly, also alters shear stresses82

(N. R. Iverson et al., 2003). Another potential source is shear margins, namely the lat-83

eral edges of fast-moving ice streams, where shear strain rates vary notably (Schoof, 2004;84

Suckale et al., 2014; Perol et al., 2015). Finally, small-scale clasts attached to the base85

of the ice plough along the subglacial interface and introduce geometrical heterogeneities86

at the ice-bed interface that contribute to the spatial variability of shear (N. R. Iverson87

& Hooyer, 2004; N. R. Iverson et al., 2007).88

The goal of this study is to advance our process-based understanding of how the89

porosity of a subglacial granular bed is affected by laterally varying shear speeds. To model90

the response of a granular bed to laterally varying shear, and, in particular, to capture91

its macro-scale Coulomb-plastic rheology (Burman et al., 1980; N. R. Iverson et al., 1998;92

Damsgaard et al., 2013), we use the 3-dimensional Discrete Element Model (DEM) called93

Sphere (Damsgaard et al., 2013). Sphere represents the granular bed as a collection of94

spherical grains that exert elastic and frictional contact forces on each other. We impose95

a laterally varying velocity profile on the top layer of the grains to introduce spatial shear96

variability at the bed, and we then estimate the changes in porosity within the sheared97

granular bed. We neglect thermal processes, focusing only on the granular mechanics as98

a first step towards a more comprehensive understanding of subglacial till mechanics.99

DEMs are standard tools to study the grain-scale dynamics of granular beds (Aharonov100

& Sparks, 2002; MiDi, 2004; da Cruz et al., 2005; Damsgaard et al., 2013). In conjunc-101

tion with laboratory experiments, DEMs have led to the identification of the µ(I) rhe-102

ology, a phenomenological constitutive model that relates two dimensionless variables,103

the ratio of shear stress to normal stress, µ, and the inertia number, I, which represents104

the non-dimensionalized shear strain rate (MiDi, 2004; da Cruz et al., 2005; Jop et al.,105

2006). Under the local-rheology assumption, which posits that the rheology of the gran-106

ular medium depends only on the stress and strain rate at a given location (MiDi, 2004),107

the µ(I) model provides an appealing, general framework for describing granular homo-108

geneous shear flows across different geometries.109

However, the local-rheology assumption becomes problematic in heterogeneous shear110

flows that arise in the subglacial context. Many subglacial beds exhibit pronounced shear111

localization (Engelhardt & Kamb, 1998; Boulton et al., 2001) at various depths (Truffer112

et al., 2000; Truffer & Harrison, 2006). In these shear zones, grains interact non-locally113

at a small spatial scale, sometimes referred to as a coherence length (e.g., MiDi, 2004).114

This coherence length is itself spatially variable and dynamic (Orpe & Khakhar, 2001;115

Ertaş & Halsey, 2002; MiDi, 2004). Local-rheology models like µ(I) have not been very116

successful at capturing the properties of shear zones, where non-local behavior becomes117

important (Jop, 2008), motivating the development of more general, non-local models,118

such as the one proposed by Henann and Kamrin (2013).119
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Damsgaard et al. (2020) combined the model of Henann and Kamrin (2013) with120

a pore-fluid model, providing a framework for describing the interplay between granu-121

lar mechanics and water percolation in subglacial beds. However, such an approach does122

not currently entail an evolution equation for porosity. At first sight, that might not ap-123

pear to be a significant omission, given that prior studies (Silbert et al., 2001; MiDi, 2004;124

da Cruz et al., 2005; Amarsid et al., 2017; Koval et al., 2009; Azéma & Radjäı, 2014) found125

that the mean porosity of granular beds is constant for the small inertia numbers char-126

acteristic of the subglacial environment (Damsgaard et al., 2013, 2015). A small iner-127

tia number indicates a pseudo-static shear regime, where grain contacts persist over rel-128

atively long time periods and collisional energy is low. While it is not surprising that the129

the mean porosity of the bed is less dynamic in this regime, we posit that spatial vari-130

ability in porosity could still be significant.131

Even a slight dependence of porosity on inertia number could have important im-132

plications for the subglacial environment. As noted by Damsgaard et al. (2013), since133

the strength of granular bed depends on the porosity or packing fraction of grains, the134

more porous parts of a till layer would be more prone to mechanical failure. Failure is135

relevant not only for understanding sediment flux beneath glaciers and ice streams (Damsgaard136

et al., 2020), but could also be relevant for understanding the initiation of drainage el-137

ements in the granular bed, commonly referred to as canals (Walder & Fowler, 1994; Dams-138

gaard et al., 2017). An important motivation for our work is to better constrain the re-139

lationship between porosity and inertia number for the pseudo-static shear regime rep-140

resentative of subglacial environments, especially at the smaller spatial scales which high-141

light the heterogeneity of such environments.142

We emphasize that our study does not represent one particular field site or field143

setting. Instead, we aim to improve our fundamental understanding of the physical pro-144

cesses contributing to the dynamics of subglacial environments. Subglacial environments145

are very diverse, ranging from fine-grained remolded marine sediments, for example in146

West Antarctica (e.g., Tulaczyk et al., 1998; Clarke, 2005), to coarse-grained beds un-147

derneath mountain glaciers (e.g., Benn & Owen, 2002). Furthermore, mechanical char-148

acteristics are only one part of the dynamics of subglacial environments: thermal char-149

acteristics, not considered within this study, substantially affect the ice-bed coupling as150

well (e.g., Cuffey & Paterson, 2012). Despite the complexities of subglacial environments,151

DEMs offer a relatively simple means to study the shear dynamics of granular beds at152

different scales, and may allow us to shed light on some of the processes associated with153

soft sediments in subglacial environments.154

2 Methods155

We model the till layer response to spatial shear variation at the ice-till interface156

using Sphere, a DEM developed by Damsgaard et al. (2013), which simulates the defor-157

mation of a fluid-saturated granular bed at the grain scale. The granular bed is repre-158

sented as a collection of n = 10, 000 spherical Lagrangian particles (“grains”) located159

within a cubical domain of dimensions L× L× L, where L = 0.85 m. The grain radii160

are distributed normally with a mean of 0.02 m and standard deviation of 10−4 m. The161

slight variation of grain radius prevents a regular hexagonal packing of grains.162

For each grain i, its linear and angular accelerations are resolved by solving New-163

ton’s second law,164

miẍi = mig +
∑N

j=1

(
f ijn + f ijt

)
+ f if (1)165

Iiω̇i = −∑n
j (ri − 0.5δijn )nij × f ijt , (2)166

where mi [kg] is the grain mass, ri [m] is the radius, Ii [kg m2] is the moment of in-167

ertia, xi [m] is the position vector, ωi [1/s] is the angular velocity, and g [m/s2] is the168
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gravitational acceleration vector. The vectors f ijn [kg m/s2] and f ijt [kg m/s2] are respec-169

tively the normal and tangential contact forces between grain i and its neighbor j. The170

contact forces are modeled as linear elastic forces with a friction-based upper bound on171

the tangential force (Burman et al., 1980; Damsgaard et al., 2013). We note that, in this172

model, we do not need to apply viscous damping in parallel to the elasticity and friction,173

as is done in some DEMs for numerical stability (e.g., Burman et al., 1980; Kruggel-Emden174

et al., 2007, 2008; Luding, 2008). The vector nij = (xi−xj)/|xi−xj | is the unit nor-175

mal contact direction, and δijn [m] is the overlap distance of the grains i and j (Burman176

et al., 1980; Damsgaard et al., 2013). The vector f if [kg m/s2] is the fluid-grain inter-177

action force,178

f if = −V i∇p(xi)− V iρfg, (3)179

where V i [m3] is the volume of grain i, p [Pa] is the fluid pressure deviation from the180

hydrostatic pressure, referred to as fluid pore pressure for the purposes of this study, and181

ρf [kg/m3] is the fluid density (Damsgaard et al., 2015). Some studies scale the first term182

on the right hand side of Eqn. 3 by the local solid fraction to account for the presence183

of neighboring grains (e.g., McNamara et al., 2000). The solid fraction, however, is of184

unit order of magnitude, and therefore is omitted in Eqn. 3.185

We assess, in Section 3.1, that shear-induced changes in the internal grain skele-186

ton structure do not alter the critical state pore pressure substantially, and therefore the187

deviations from hydrostatic pore pressure distribution are negligible. As a result, the fluid-188

grain interaction force in Eqn. 3 reduces to the hydrostatic forcing,189

f if = −V iρfg. (4)190

2.1 Boundary conditions191
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Figure 1. Boundary conditions. (A) Boundary conditions for the grains. The yellow arrows

represent the speed profile imposed at the top layer of grains. (B,C) The two speed profiles

imposed at the top layer of grains, “simple shear,” and “laterally varying shear.”

We summarize the boundary conditions in Fig. 1, which are chosen to represent192

the forcing on a unit of till immediately underneath the glacier sole. The boundaries along193

–5–



A
cc

ep
te

d
 A

rt
ic

le

This article is protected by copyright. All rights reserved.  

 

 

 

 

 

 

 

manuscript submitted to JGR: Earth’s Surface

the x-axis, the dominant flow direction, are periodic. The lateral (±y) boundaries and194

the bottom (−z) boundary are fixed in position and are frictionless. The top boundary195

consists of a wall whose vertical position adjusts dynamically to maintain a prescribed196

normal stress σ [Pa] on the grain skeleton. Thus, σ represents the effective normal stress197

imposed on the granular bed.198

The granular bed is sheared by the overlying surface (i.e., the “ice/bed interface”)199

moving in the horizontal +x direction. While the nature of shearing in subglacial set-200

tings varies substantially both spatially and temporally (N. R. Iverson & Hooyer, 2004;201

Zoet & Iverson, 2020), we consider an idealized representation. We assign time-invariant202

velocities in the x-direction for each grain in the top layer. At each time step, we iden-203

tify all the grains that intersect the top wall and denote them as the ‘top layer’ grains.204

For the given time step, these top layer grains are assigned fixed velocities in the hor-205

izontal direction but are free to move in vertical direction according to imposed contact206

forces. Therefore, so long as a grain intersects the top wall, it has a fixed x-speed and207

zero y-speed. We consider two shear speed profiles for the x-speed of the top layer of grains.208

The first profile, simple shear (Fig. 1B), imposes on the top layer of grains a constant209

x-speed vb. The second profile, laterally varying shear, imposes an increasing speed in210

the lateral direction (Fig. 1C), from 0.1vb at y ≤ −αL to vb at y ≥ αL, where α char-211

acterizes the relative width of shear variation. Unless otherwise specified, we choose α =212

0.25 for the laterally varying shear configuration.213

2.2 Simplifying till mechanics for numerical modeling214

To ensure that the DEM captures the general dynamics of natural granular sys-215

tems undergoing shear deformation, we perform a non-dimensional analysis where we216

assess the relative time scales related to the deformation of a saturated granular bed. The217

inertia number, I (MiDi, 2004; da Cruz et al., 2005; Damsgaard et al., 2013; Azéma &218

Radjäı, 2014; Damsgaard et al., 2015), represents the shear strain rate normalized by over-219

burden stress and grain density,220

I =
|γ̇|d√
σ/ρg

, (5)221

where γ̇ = vb/L is the bulk shear strain rate, commonly defined in terms of the shear222

speed vb imposed at the top layer of grains. Equivalently, the inertia number also rep-223

resents the ratio of inertial forces between sediment grains to externally imposed nor-224

mal forces. Therefore, it characterizes the different regimes in granular deformation. A225

large inertia number indicates that grain motion is dominated by grain collisions, while226

a small inertia number characterizes a pseudo-static shear regime, where grain contacts227

are long-lived and collisional energy is low (Burman et al., 1980). A previous study found228

the transition between inertial and pseudo-static shear regimes as Ic = 2.5·10−3 (Lopera Perez229

et al., 2016).230

We estimate the inertia number for an idealized sandy till undergoing shear defor-231

mation. Sandy tills are most akin to DEM models as they have relatively large grain sizes232

and limited cohesion. Based on the properties of the idealized till, shown in Table 1, we233

estimate the inertia number as,234

Itill < 10−6 , (6)235

which is well within the bounds of the pseudo-static shear regime, consistent with prior236

estimates of deforming subglacial till (Damsgaard et al., 2013, 2015).237

We posit that, as long as the inertia number in the DEM simulations is smaller than238

Ic = 2.5 · 10−3, the granular regime in the simulations is similar to the pseudo-static239

shear regime of natural till. However, DEMs with low inertia numbers can be compu-240

tationally time-consuming. To increase the speed of DEM simulations, we perform three241

modifications. First, we use an approximately unimodal grain size distribution for the242
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Table 1. Table of parameters, obtained from Damsgaard et al. (2015). The till values corre-

spond to an idealized example of a till. The DEM values correspond to the parameters used for

the simulations in this study. Values shown with ? are only used in simulations where granular

deformation is coupled with Darcy fluid flow (see Appendix A).

Symbol Description Till Value DEM Value

L Length of domain. Thick-

ness of actively deforming

till layer.

[0.1, 0.9] m 0.85 m

d Grain diameter. [10−5, 10−3] m 0.04 m

ρf Density of water. 1000 kgm−3 1000 kgm−3

ρg Grain density. 2600 kgm−3 2600 kgm−3

φ0 Characteristic porosity. 0.4 0.4

(estimated from simu-

lations.)

vb Shear speed. [10−8, 10−4] m/s 0.085 m/s

|γ̇| Bulk shear strain rate.

|γ̇| = vb
L

.

[10−8, 10−3] s−1 0.1 s−1

σ Effective normal stress

imposed by the ice on the

till.

[10, 100] kPa {10, 20, 30, 40, 50, 60, 70, 80} kPa

I Inertia number.

I = |γ̇|d√
σ/ρg

[10−17, 10−6] [10−10, 10−2] (esti-

mated from parame-

ter ranges)

β Bulk compressibility of till. [10−10, 10−8] Pa−1 ?10−10 Pa−1

βf Adiabatic fluid compress-

ibility for water at 0◦C.

4.5 · 10−10 Pa−1 ?4.5 · 10−10 Pa−1

η Dynamic viscosity of water. 1.787 · 10−3 Pa · s ?1.787 · 10−3 Pa · s
k0 Characteristic Permeability.

[
10−15, 10−13

]
m2 ?10−13m2

τ Standard deviation of grain

radius.

[
10−4, 10−3

]
m 0.0004 m

κn Grain normal spring stiff-

ness.

1.16 · 109 Pa ·m 1.16 · 109 Pa ·m

κt Grain tangential spring

stiffness.

1.16 · 109 Pa ·m 1.16 · 109 Pa ·m

λ Coefficient of grain-grain

contact friction.

0.6 0.6
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DEM. Real tills have notably wider grain-size distributions (Hooke & Iverson, 1995; Tu-243

laczyk et al., 1998). However, wide grain-size distributions substantially decrease the nu-244

merical time step length and increase the cost of grain-grain contacts searches for DEMs245

(Damsgaard et al., 2013).246

Second, we reduce the number of grains in the domain by increasing the mean grain247

radius over that of sandy till (Table 1). Last, we increase the shear strain rate of the DEM248

to achieve faster bed deformation relative to subglacial conditions (Table 1). With these249

modifications, the inertia number of the DEM simulations presented here is estimated250

as IDEM < 0.002. The inertia number IDEM is larger than that of natural systems, Itill,251

but is less than Ic, ensuring that the simulated granular bed is representative of the pseudo-252

static shear regime associated with till deformation.253

2.3 Simulation setup and the computation of quantities254

Each DEM simulation consists of three phases. First, we place the grains in the255

cubic domain and allow them to settle under gravity for 10 s. Next, we consolidate the256

bed of grains by imposing a uniaxial effective normal stress σ via the top wall for 10 sec-257

onds. Finally, we impose the respective shear speed profile on the top layer of grains (Fig. 1B,C)258

while maintaining a prescribed effective normal stress at the top wall. We run the last259

phase of the simulations until the porosity becomes quasi-steady, indicating that the gran-260

ular medium has reached critical state. For visual demonstration, we provide an anima-261

tion of a DEM simulation where a granular bed undergoes laterally varying shear defor-262

mation (see Supplementary Materials).263

To understand how shear deformation alters the granular bed, we estimate the poros-264

ity, grain velocity, shear strain rate, effective normal stress, and local inertia number of265

the bed at the end of the simulation. We divide the domain into 1×10×10 rectangu-266

lar prisms, called cells, and we average each of the above quantities at the cell scale over267

the last two seconds of the simulation. The relatively small lateral and vertical dimen-268

sions of the cell allow us to capture the spatial variability of porosity and the other quan-269

tities within the bed. Since the simulations have periodic boundary conditions in the x-270

direction, each cell spans the entire length of the domain in the x-direction. We do not271

consider the top layer of grains in our computations since the fixed velocities of those272

grains may introduce distortions in porosity and the other quantities273

To compute the porosity φ for a given cell, we add the volumes of each grain cen-274

tered within the cell, and we add or subtract the partial volumes of the spherical grains275

intersecting the cell boundaries. We then subtract from, and divide by, the volume of276

the entire cell (Damsgaard et al., 2013, 2015).277

To compute the grain velocity for a given cell at a given simulation time, we record278

all the grains intersecting the cell at that given time, sum over their displacements over279

the prior two seconds, then divide by the two seconds and the number of grains. Using280

net displacement provides a smoother estimate of grain velocity than the instantaneous281

values resulting from erratic grain collisions. To compute the lateral and vertical shear282

strain rates for a cell, we use a forward difference scheme on the grain velocities in the283

lateral and vertical directions, respectively.284

We estimate the vertical effective normal stress σ acting on a cell as the sum of the285

effective normal stress imposed on the top of the bed, and the weight of the sediment286

within the overlying column of cells. The latter is computed by integrating over the prod-287

uct of the grain density, the volume, and the solid fraction, 1−φ, of the overlying col-288

umn.289

We compute the local inertia number for each cell by first computing the cell-specific290

cumulative shear strain rate and effective normal stress for the respective cell (see Eqn. (5)).291
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To approximate the cumulative shear strain rate of the cell, we sum the absolute values292

of the lateral and vertical shear strain rates. The computation of the true shear strain293

rate involves additional strain rate components. However, given that the shear is applied294

in x-direction, we argue that the components other than the lateral and vertical shear295

strain rates in the x-direction are negligible, and that the approximate form provides a296

similar shear strain rate distribution to the true value.297

2.4 Model limitations298

We use our DEM to highlight some of the subglacial dynamics associated with poros-299

ity that arise from the granular dynamics of soft, temperate, water-saturated till. How-300

ever, the assumptions and simplifications within our model limit the general validity of301

our results. Subglacial settings vary widely from region to region, with substantial dif-302

ferences in till composition, stress distribution, and hydrology. Instead of representing303

one particular subglacial setting, our model represents a generic, highly idealized sub-304

glacial till layer whose characteristics are within the range of those for real subglacial set-305

tings.306

Some subglacial settings have substantial variability in grain sizes (Tulaczyk et al.,307

1998). However, since DEMs are computationally expensive, we use an effectively uni-308

modal normal grain-size distribution and increase the grain size. The model is hence more309

suitable to represent behavior associated with sandy tills, such as the Caesar till in Ohio,310

USA (Rathbun et al., 2008), than tills with a high clay content (Tulaczyk et al., 1998).311

For example, tills composed entirely of clay platelets may deform very differently than312

those with spherical grains, given the distinct geometry of platelets. Tills with a mixed313

composition may also have reduced porosity since the clay platelets fill up the pore spaces314

between the silt grains (Crawford et al., 2002, 2008), a process which we do not include315

in our model.316

Our model does not capture the variability of large-scale hydrological systems that317

might exist at the subglacial interface (e.g., Flowers, 2015). While systems of channels318

or canals (Walder & Fowler, 1994; Ng, 2000) may generate spikes in pore pressure that319

can trigger rapid deformation of the granular bed (e.g., Engelhardt & Kamb, 1997; Truf-320

fer et al., 2000; Tulaczyk et al., 2000a; Damsgaard et al., 2020), they operate at larger321

scales than the system that we study here. Instead, we assume hydrostatic pore pres-322

sure within the till, allowing us to focus on the first-order granular dynamics of subglacial323

beds.324

3 Results325

3.1 Pore pressure equilibrates substantially faster than grains rearrange326

The pore space of a temperate subglacial till layer is saturated with meltwater. De-327

formation of the grain skeleton and the corresponding changes in pore space may alter328

the pore pressure and cause it to deviate from a hydrostatic profile. To estimate the de-329

gree to which the pore pressure deviates from the hydrostatic profile during critical-state330

shear, we explore the temporal evolution of the pore pressure as expressed by Goren et331

al. (2011) and Damsgaard et al. (2015):332

∂p

∂t
=

1

βfφη
∇ · (k∇p)− 1

βfφ(1− φ)

(
∂φ

∂t
+ v · ∇φ

)
, (7)333

where t [s] is time, βf [1/Pa] is the adiabatic fluid compressibility, v [m/s] is the mean334

grain velocity, and φ is the porosity. The first term on the right hand side represents spa-335

tial equilibration of pressure within the fluid through Darcian diffusion. The second term336

represents the forcing by the deforming grain skeleton.337
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We perform a non-dimensional analysis of Eqn. (7) to compare the time scales of338

the two processes, spatial pore pressure equilibration, and grain skeleton forcing. The339

characteristical scales for the variables in Eqn. (7) are chosen based on the idealized till340

properties from Table 1,341

p =
p̂

β
, u = ûvb, k = k̂k0, t = t̂t0, (8)342

where the hat notation marks non-dimensional variables, β is the bulk compressibility343

of the granular material, d, the mean grain diameter, is taken as the characteristic length344

scale, t0 = d/vb is taken as the characteristic time scale, and k0 as the characteristic345

permeability. Non-dimensionalization of Eqn. (7) yields,346

∂p̂

∂t̂
=

k0
βfφηdvb

∇̂ ·
(
k̂∇̂p̂

)
− β

βfφ(1− φ)

(
∂φ

∂t̂
+ v̂ · ∇̂φ

)
. (9)347

The non-dimensional Deborah number (Goren et al., 2010) arises as the inverse of348

the coefficient of the first term on the right-hand side,349

De =
βfφηdvb
k0

. (10)350

The Deborah number represents the ratio of the time scale of pore pressure diffusion to351

the time scale associated with pore pressure changes resulting from changes in pore vol-352

ume. In our case, changes in pore volume arise in response to the shear imposed on the353

top boundary. To specifically account for the compressibility of the deforming grain skele-354

ton, which is expected to limit pore fluid pressurization, we define a modified Deborah355

number, Des, by taking the ratio of the coefficients of the first and second terms on the356

right hand side of Eqn. 9,357

Des =
βηdvb

k0(1− φ)
. (11)358

We estimate the modified Deborah number, Destill, based on the values gives in Table 1,359

Destill < 0.003. (12)360

The small value of the modified Deborah number indicates that the pore fluid pressure361

of the till diffuses and equilibrates almost instantaneously with respect to changes in the362

grain skeleton structure at the grain scale. As a result, changes to the grain skeleton struc-363

ture of the till have a negligible impact on the pore pressure. Consequently, in the ab-364

sence of external pressure gradients, the pore fluid acts only as a source of buoyancy force365

on the grains, as characterized by Eqn. (4).366

The above analysis applies to the example of the idealized sandy till described in367

Table 1. To show that our finding of a low Deborah number and rapid pore pressure equi-368

libration applies to a relatively wide variety of subglacial settings, we perform a simi-369

lar computation of the Deborah number for clay-rich till. Here, we consider the till un-370

derneath Whillans Ice Stream as an example. The bulk compressibility of the till is within371

the range 10−9 Pa−1 < β < 10−7 Pa−1 (Leeman et al., 2016), and the dynamic vis-372

cosity of water at 0◦ is 1.787 · 10−3 Pa s (Table 1). Since the till underneath Whillans373

Ice Stream consists predominantly of silt and clay, the characteristic grain diameter lies374

within the range 10−6m < d < 10−5m (Tulaczyk et al., 1998). We consider an ice-375

stream like range of velocities for the top layer of grains of the till 10−8 m/s < vb <376

10−4 m/s (Scheuchl et al., 2012). The characteristic permeability of the till lies within377

the range 10−17 m2 < k0 < 10−13 m2 (Leeman et al., 2016). Using Eqn. 11, we get,378

DesWIS < 0.03 (13)379

This analysis suggests that a wide range of subglacial tills exhibit low Deborah numbers,380

and likely experience near-instantaneous pressure equilibration during critical-state shear.381
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In the absence of external pressure gradients, the fluid pressure distribution within the382

granular bed would thus remain hydrostatic during critical state shear.383

Based on the above analysis, our DEM solver decouples the granular motion from384

the fluid flow and imposes a hydrostatic profile for the latter (Eq. 4). To verify the as-385

sumed link between a low Deborah number and hydrostatic pressure conditions, we run386

a simulation with a fully coupled DEM solver. As is done in (Damsgaard et al., 2015),387

the coupled solver uses Eqns. 3 and 7 to compute the fluid pressure distribution at each388

step. The details for the coupled solver and the associated boundary conditions are pro-389

vided in Appendix A. The fluid pressure-distribution at the end of the fully coupled sim-390

ulation, shown in Fig. A1, resembles hydrostatic pressure conditions, supporting the as-391

sessment that low Deborah number systems have approximately hydrostatic pressure at392

critical state.393

3.2 At low normal stresses, shear zone thickness increases with normal394

stress395

We conduct simple shear simulations to establish a reference point for understand-396

ing how laterally varying shear alters the local porosity and strain rate values within a397

deforming granular bed. Fig. 2 summarizes the kinematic and geometric measurements398

of velocity, strain rate, and porosity, averaged over the last two seconds of the simula-399

tions (18 s < t < 20 s) for effective normal stresses of σ = 10, 50 kPa and shear ve-400

locity vb = 0.085 m/s for the top layer of grains (see Table 1). Panels A and B show401

that grain speed along the x-direction decreases with depth near the top boundary. The402

difference between the two panels highlights that, as the effective normal stress increases,403

grains deeper within the bed are mobilized during shear.404

Figs. 2C and D show the shear strain rates for the same simulations. For σ = 50 kPa,405

the shear strain rate is approximately constant over a depth of 0.15m (Fig. 2D). The shear406

strain rate near the top boundary is greater for the σ = 10 kPa simulation, consistent407

with the shallower depth of deformation penetration.408

Figs. 2E and F show the porosities of the granular bed. The porosities are elevated409

near the top boundary in both panels, but the zone of elevated porosity is thicker in the410

higher effective normal stress simulation. The largest porosities are found in the areas411

with the largest shear strain rates. Taken together, the simple shear simulation results412

suggest that the shear zone and the corresponding zone of elevated porosity increase in413

thickness with increasing effective normal stress, at least for the relatively small effec-414

tive normal stresses applied here.415

We plot shear zone thickness against effective normal stress for 8 simple shear sim-416

ulations with effective normal stresses σ = 10, 20, ..., 80 kPa in Fig. 3. The figure es-417

timates shear zone thickness as the depth to which the shear strain rate is greater than418

10% of the maximum shear strain rate value for the given simple shear simulation. Since419

the shear strain rates are computed at the cell-scale in Fig. 2, we average across width420

and interpolate the shear strain rates across the cells with an exponential fit. The fig-421

ure shows that shear zone thickness increases with effective normal stress for σ < 60 kPa.422

For higher values of normal stresses, shear zone thickness appears to decrease slightly.423

We present the entire range of simulation results, including grain velocity, shear strain424

rates, and porosity, in Fig. B1.425

Fig. 4 shows the mean porosity of the upper half of the granular bed against time.426

It indicates that simulations start with an initial dilation stage lasting for up to t = 5 s427

for all effective normal stresses, after which the mean porosity remains approximately428

constant. The mean porosity is lowest for the case of σ = 10 kPa, with a value of 0.405429

around t = 20 s. Although the porosity values around t = 20 s vary considerably with430

effective normal stress, the range of variability is less than 0.007. Overall, there is no clearly431
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Figure 2. Simulation results for the simple shear configuration (Fig. 1B). (A,B) Grain speeds

in the x-direction, averaged along the x–axis, for effective normal stresses of 10 kPa and 50 kPa

respectively. (C,D) Shear strain rates for the respective effective normal stresses, approximated as

the sum of absolute values of y– and z–gradients of velocities in the x-direction. (E,F) Porosities

for the respective effective normal stresses. All variables are averaged over the simulation time

18 s < t < 20 s. The top layer of grains, for which a time-invariant speed profile is imposed as a

boundary condition, are not shown in the panels.

discernable relationship between porosity and effective normal stress over the relatively432

small range of effective normal stresses considered in this study.433

To ensure that our results are not impacted by boundary effects arising from lim-434

ited bed thickness, we conduct additional DEM simulations with thicker beds. Our re-435
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Figure 3. Shear zone thickness for different effective normal stresses in the simple shear con-

figuration. The shear zone thickness of a bed undergoing simple shear is computed as the depth

at which the width-averaged shear strain rate drops to 10% of the maximum strain rate value.
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Figure 4. Temporal evolution of porosity for the simple shear configuration, shown in terms

of the mean porosity for the upper half of the granular bed. The temporal values are smoothed

with a moving average window of t = 4 s.
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sults in Appendix C show that grain velocities remain unchanged with thicker beds, sug-436

gesting that there are no associated vertical boundary effects within the domain. Sim-437

ilarly, DEM simulations with wider beds in Appendix D show that having fixed, friction-438

less lateral boundaries does not affect the distribution of shear strain rate and porosity439

within the bed.440

3.3 Lateral shear variation at the ice-till interface creates narrow zones441

of elevated porosity442

To understand how lateral shear variation affects the porosity within a granular443

bed, we describe the results of simulations with a laterally varying shear profile, as shown444

in Fig. 1C. Grain speeds increase across the lateral direction and decrease along the depth,445

as seen in Fig. 5A,B. The computed shear strain rates vary laterally, decrease with depth,446

and attain maximum values close around the lateral center of the top boundary (y =447

0, z = 0), as seen in Fig. 5C,D. The highest porosity values are located near the cells448

with the largest shear strain rates (Fig. 5E,F).449

We present the vertical and lateral shear strain rates in Fig. 6. The vertical shear450

strain rates, shown in panels A and B, increase from the left to the center of the domain451

and then decrease slightly at the right side of the domain. The largest vertical strain rates452

are located near the top boundary (z = 0). The lateral shear strain rates, shown in Figs. 6C453

and D, are highest near the top boundary at the lateral center of the shear variation (y =454

0, z = 0), and decay to zero away from the center. The magnitudes of the vertical and455

lateral shear strain rates do not change notably with the effective normal stress. How-456

ever, the panels suggest that both lateral and vertical shearing occurs deeper within the457

granular bed at higher effective normal stresses.458

Fig. 7 depicts the temporal evolution of the mean porosity for the lateral shear con-459

figuration over a simulation time of 50 s. The mean porosity shows a greater variabil-460

ity than in the simple shear configuration (Fig. 4). The porosity continues to increase461

until t = 40 s (t > 48 s for the σ = 10 kPa simulation), after which they attain critical462

state. As in the case of simple shear, the mean porosity varies by less than 0.007 across463

the range of effective normal stresses at the end of the simulations.464

To understand how the spatial extent of the laterally varying shear affects porosi-465

ties, we perform another set of simulations where the applied shear varies laterally over466

a larger width (α = 0.5, see Fig. 1C). The simulation results, presented in Fig. 8, show467

three differences with respect to the results in Fig. 5, namely, the deformation is spread468

out in the lateral direction; the shear strain rates (Figs. 8C and D) are smaller in mag-469

nitude with respect to the more localized variable shear (Figs. 5C and D); and the zone470

of elevated porosity in Figs. 8E and F is also wider than in Figs. 5E and F.471

3.4 Porosity scales with local inertia number in the pseudo-static shear472

regime473

Previous studies have explored the dependence of porosity on inertia number in the474

context of homogeneous shear flows (MiDi, 2004; da Cruz et al., 2005; Azéma & Radjäı,475

2014). These studies find an increasing relationship between mean porosity and inertia476

number for I > Ic and suggest that the mean porosity is approximately independent477

of inertia number for I < Ic. However, these prior studies do not directly apply to het-478

erogeneous shear flows, as considered in our study, where shear localizes and porosity479

varies spatially.480

To estimate the relationship between porosity and inertia number for an idealized481

subglacial bed, we compute both variables locally. More specifically, we compute poros-482

ity (φ) and local inertia number (Ilocal) at the spatial scale of cells, as shown in Fig. B1483

(see Section 2.3 for more details). Fig. 9 shows our results in the form of scatter plots484
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Figure 5. Simulation results for the laterally varying shear configuration (Fig. 1C). (A,B)

Speed of the grains in the x-direction, for effective normal stresses of 10 kPa and 50 kPa respec-

tively. (C,D) Shear strain rates for the respective effective normal stresses, approximated as sum

of absolute values of y and z-gradients of velocities in the x-direction (See Section 2.3 for more

details). (E,F) Porosities for the respective effective normal stresses. The top layer of grains,

where the boundary condition is imposed, are not shown in the panels.
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Figure 6. Components of the shear strain rate for the laterally varying shear configuration.

(A,B) Vertical shear strain rate, for effective normal stress of 10 kPa and 50 kPa respectively.

(C,D) Lateral shear strain rate, for effective normal stress of 10 kPa and 50 kPa respectively.
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Figure 7. Temporal evolution of porosity for the laterally varying shear configuration, shown

in terms of the mean porosity for the upper half of the granular bed. The temporal values are

smoothed with a moving average window of t = 4 s.

of these local variables for different shear distributions and normal stresses. To avoid con-485

founding the analysis with boundary effects, we have removed the data adjacent to the486

lateral and vertical boundaries of the domain. Despite the substantial variability in poros-487

ity, the panels indicate an overall increase in porosity with local inertia number in both488

the simple shear and laterally varying shear configurations, and for both effective nor-489

mal stresses (σ = 10 kPa and 50 kPa).490

All the simulations in Fig. 9 exhibit an approximately linear dependence between491

the porosity and the logarithm of the local inertia number, suggesting a common rela-492

tionship between the two variables across different effective normal stresses and shear493

configurations. To further explore this possibility, Fig. 10A shows the relation between494

these two local variables when combining the results of several simulations. We find an495

overall common trend, φ ≈ 0.01 ln Ilocal + 0.48, with a least squares linear regression496

correlation coefficient of R2 = 0.81. We note that the trend is only valid within the in-497

vestigated pseudo-static shear regime of a non-zero but finite local inertia number, namely,498

Ilocal < 2.5 · 10−3, and does not apply to the regime Ilocal → 0.499

In contrast to the clear correlation between the porosity and local inertia number500

suggested by Fig. 10A, no such relationship exists between the two variables when av-501

eraged over the domain scale. Fig. 10B shows the porosity and inertia number averaged502

over the upper half of the granular bed for simulations with both simple shear and lat-503

erally varying configurations and different values of effective normal stresses. The data504

show a single cluster with no discernible trends.505

The contrast between the local scale (Fig. 10A) and the domain scale (Fig. 10B)506

stems from the inability of the latter to capture localized dynamics within the granu-507

lar bed. The spatial distribution of a laterally varying shear and the balance of gravi-508

tational forces across the shear zone thickness are two examples of localized dynamics509

that act at scales smaller than that of the entire domain. We find here that the prop-510
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Figure 8. Simulation results for the configuration of wide, laterally varying shear (α = 0.5)

at the ice-till interface (Fig. 1D). (A,B) Speed of the grains in the x–direction, for effective nor-

mal stress of 10 kPa and 50 kPa respectively. (C,D) Shear strain rates for the respective effective

normal stresses, approximated as sum of absolute values of y– and z–gradients of velocities in the

x–direction (See Section 2.3 for more details). (E,F) Porosities for the respective effective normal

stresses.
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Figure 9. Porosity φ vs. local inertia number Ilocal for the cells of the DEM simulations.

(A,B) Simple shear for σ = 10 kPa and σ = 50 kPa, respectively. (C,D) Laterally varying shear

for the same effective normal stresses. Values obtained by averaging over the last two seconds of

each simulation.

erties of the zone of localized deformation are not well represented through domain-averaged511

quantities, highlighting the importance of estimating porosity and inertia number at lo-512

cal scales under non-homogeneous conditions.513

4 Discussion514

The interactions between granular deformation and pore fluid flow can be complex,515

but most of these complexities arise during the onset of deformation or in the limits of516

a high inertia number (N. R. Iverson, 2010; Houssais et al., 2015; Baumgarten & Kam-517

rin, 2019). Subglacial beds are characterized by low inertia numbers, suggesting that they518

are in a pseudo-static regime where porosity is less prone to dynamic readjustments than519

at high inertia numbers. However, shear at the subglacial interface can vary spatially.520

We show here that spatial shear variation creates a narrow zone within the bed with in-521

creased porosity, even in the pseudo-static regime. We explain this behavior by demon-522

strating that a common power-law relationship connects porosity and inertia number across523

different shear configurations and effective normal stresses.524
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Figure 10. Porosity and inertia number for DEM simulations superimposed together. (A)

Scatter plot for porosity and inertia number at the local scale. The simulations include the sim-

ple and laterally varying shear configurations for effective normal stresses 10, 50, and 80kPa

respectively. The trendline, shown in black, is calculated with ordinary least squares linear re-

gression in semi-log scale. (B) Scatter plot for porosity and inertia number averaged over the

upper half of the domain. The simulations include 8 effective normal stresses, 10 to 80kPa.

4.1 Spatially variable shear can facilitate more efficient meltwater drainage525

Temperate subglacial environments exhibit complex coupled dynamics of ice mo-526

tion, meltwater drainage, and till deformation (Clarke, 2005). The yield strength of the527

till determines the frictional resistance to the motion of the ice, and porosity plays a key528

role in determining this strength, given the Coulomb-frictional rheology of till (N. R. Iver-529

son et al., 1998; Tulaczyk et al., 2000a). Established models of glacier beds, such as the530

undrained plastic bed model by Tulaczyk et al. (2000b), assume that till porosity is gov-531

erned by the effective normal stress through compression (Tulaczyk et al., 2000b; Lee-532

man et al., 2016).533

Our results show that other physical processes introduce important variability into534

the till porosity, particularly in the immediate vicinity of the subglacial interface. Some535

subglacial environments experience spatially variable shear strain rates, such as shear536

margins (Jacobson & Raymond, 1998; Schoof, 2004; Suckale et al., 2014; Haseloff et al.,537

2018) or regions with clasts ploughing along the subglacial interface (N. R. Iverson &538

Hooyer, 2004; N. R. Iverson et al., 2007). The shear stress imposed by the moving ice539

on the till alters porosity through shear dilation, even in the pseudo-static regime (Fig. 2).540

At a granular scale, the reason for the increased porosity is the increase in velocity fluc-541

tuations of grains near the shear interface, where the inertia number is relatively high542

(Jenkins & Savage, 1983; Gaume et al., 2011; Kim & Kamrin, 2020).543

Our study captures the spatial variations of the porosity and inertia number within544

the granular bed at a scale larger than grain size but smaller than the domain size. Spa-545

tial averaging over the domain size masks the non-local behavior occurring at scales smaller546

than the entire bed, and with it, the relationship connecting porosity and inertia num-547

ber at the local scale. Our local-scale results highlight the φ(Ilocal) relationship where548

porosity increases with the inertia number in the pseudo-static shear regime. The find-549

ing is consistent across both the simple shear and laterally varying shear configurations,550

suggesting a common relationship between porosity and local inertia number that is ap-551

plicable for heterogeneous shear flows within the pseudo-static regime (Fig. 10A).552

The increase in the porosity of a granular bed, especially within a narrow zone for553

the case of a laterally varying shear (Fig. 5), has two potential implications for meltwa-554

ter flux within subglacial till. First, the increase in till porosity is likely to cause a cor-555
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responding increase in till permeability, increasing the flux of meltwater through the pores556

of the till. For granular beds composed of silt or sand, the Kozeny-Carman relationship557

suggests that the permeability scales with the cube of porosity (Kozeny, 1927; Carman,558

1937; Costa, 2006). However, beds with a high clay content, especially those underneath559

West Antarctic ice streams (Tulaczyk et al., 1998; Lindeque et al., 2016), may not ex-560

perience a similar increase in permeability because clay platelets can block pores and mit-561

igate any corresponding increase in porosity (Crawford et al., 2002, 2008).562

Second, the increase in porosity in a relatively narrow zone can localize fluid flow563

by acting as a preferential pathway for meltwater. Due to the increased porosity, shown564

in Fig. 5, the granular material here is arranged in a weaker packing configuration and565

is thus more susceptible to plastic failure than in the neighboring regions. Failure may566

be triggered by potential spikes in pore pressure gradients caused by external hydrolog-567

ical processes. Such pressure spikes are commonly observed in boreholes (Engelhardt &568

Kamb, 1997). The plastic failure of a narrow zone of increased porosity could initiate569

canal-like drainage structures incised into the till (Walder & Fowler, 1994; Ng, 2000; Dams-570

gaard et al., 2017), facilitating more efficient drainage of meltwater. Capturing the plas-571

tic failure instability and the subsequent potential drainage formation, however, is be-572

yond the capability of this model.573

Many prior models exist that integrate distributed and channelized water trans-574

port (Hewitt, 2011; Hewitt et al., 2012a, 2012b; Werder et al., 2013). However, it is not575

clear how subglacial channels or canals (Walder & Fowler, 1994) initiate. While some576

studies have considered the role of thermal (Walder, 1982; Walder & Fowler, 1994) and577

erosional instabilities (Kasmalkar et al., 2019) that could lead to the formation of sub-578

glacial drainage systems, the role of till deformation and coupled porous fluid flow has579

been less explored. Our simulations suggest that canals could initiate through plastic580

failure in the regions experiencing spatially variable shear strain rates, such as shear mar-581

gins (Jacobson & Raymond, 1998; Schoof, 2004; Suckale et al., 2014; Haseloff et al., 2018),582

or regions with ploughing clasts or ice keels (N. R. Iverson & Hooyer, 2004; N. R. Iver-583

son et al., 2007).584

4.2 Pore pressure equilibrates near-instantaneously within deforming585

subglacial till586

For glaciers with temperate beds and fine-grained sediments constituting the till587

layer, the pore water pressure within the till plays an important role, because it alters588

the basal resistance to the overlying ice (e.g., Tulaczyk et al., 1998, 2000a). Deforma-589

tion of the grain skeleton structure affects the pore spaces, which, in turn, causes small-590

scale deviations in the pore water pressure that diffuse spatially across the neighboring591

pores (N. R. Iverson et al., 1998; Moore & Iverson, 2002; Damsgaard et al., 2015).592

Granular deformation and pore fluid pressure equilibration tend to operate on dif-593

ferent time scales. Previous studies proposed that dilation associated with adjustment594

to the critical state can cause bed strengthening behavior (N. R. Iverson et al., 1998; Moore595

& Iverson, 2002; N. R. Iverson, 2010; Damsgaard et al., 2015), where shear dilation of596

the till expands pore spaces, and causes a reduction of the water pressure within the pores.597

This mechanism of bed strengthening applies if the changes in the grain skeleton struc-598

ture occur faster than the spatial equilibration of pore pressure. To quantify the com-599

petition between the two processes during critical-state shear, when porosity is quasi-600

steady, we estimate the Deborah number that expresses the ratio between the time scales601

of pore pressure diffusion and of skeleton deformation (Goren et al., 2010).602

Our computations for the critical state deformation show that the Deborah num-603

ber is small for a wide range of subglacial settings, from coarse-grained till, Destill < 0.003,604

Eqn. 12, to fine-grained clay-rich till, Destill < 0.03, Eqn. 13. A small Deborah num-605

ber (<< 1) indicates that, relative to the time scale of the deformation of the grain skele-606
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ton structure, the pore water pressure equilibrates near-instantaneously. A small Deb-607

orah number thus implies that pore pressure reduction in the expanding pore spaces of608

a deforming granular bed, a process that could contribute to the strengthening of the609

bed, does not occur in the critical state. The finding is in agreement with prior exper-610

imental findings of rate-independence of shear strength in the critical state (e.g., N. R. Iver-611

son et al., 1998; Tulaczyk et al., 2000a).612

This insight differs from but does not disagree with N. R. Iverson (2010), because613

N. R. Iverson (2010) discusses bed strengthening in the pre-critical state as a result of614

pore pressure reduction during episodes of dilation with incipient slip phases. There are615

two key differences between our calculations and N. R. Iverson (2010): the fact that we616

are considering the critical state whereas N. R. Iverson (2010) considers the transient617

dynamics, and the length scale over which spatial equilibration of pore pressure is as-618

sumed to occur. To clarify, we use the term “transient” with respect to the granular me-619

chanics to identify the relatively short temporal period after the onset of granular mo-620

tion during which the porosity of the granular medium changes until it reaches an ap-621

proximately steady value. We do not exclude the possibility that other physical processes,622

such as water fluxes, exhibit time-dependent behavior.623

N. R. Iverson (2010) considers the transient phase where sediment, initially in its624

consolidated state, dilates uniformly across the shear zone thickness. During such uni-625

form dilation, pore pressure equilibration requires that pore water be transported into626

the expanding pore spaces from across the boundaries of the shear zone. Our analysis,627

on the other hand, focuses on a deforming till layer already at the critical state where628

the porosity fluctuates around a mean value. Under these conditions, pore pressure equi-629

libration is more efficient than in the transient phase, since water may be transported630

to expanding pore spaces from neighboring pore spaces, leading to a relatively low Deb-631

orah number.632

More broadly, estimation of the Deborah number sheds light on how pore pressure633

fluctuation can facilitate rate dependence in bed strength. Prior studies have suggested634

that pore pressure fluctuation can facilitate rate dependence in bed strength, where pore635

pressure reduction in expanding pore spaces can increase the effective normal stresses636

and shear resistance, and inversely, pore pressure increase in contracting pore spaces can637

enhance grain sliding through reduced normal stresses and friction (R. M. Iverson & Lahusen,638

1989; R. M. Iverson et al., 2000; R. M. Iverson, 2005). In particular, the prior studies639

estimate the Deborah number for sedimentary stacks undergoing landslides to quantify640

the potential rate dependence in bed strength (R. M. Iverson et al., 2000; R. M. Iver-641

son, 2005). Our estimate of a low Deborah number for subglacial till highlights that such642

rate dependence in bed strength resulting from pore pressure fluctuation at critical state643

is negligible.644

Overall, a subglacial system being in the low Deborah number regime suggests that645

the pore fluid flow does not play a notable role in the dynamics of the bed during quasi-646

steady deformation. Aside from rate independence in till strength, rapid pore pressure647

equilibration at critical states ensures that pore pressure within the till is approximately648

independent of shear-induced changes in the grain skeleton structure. As a result, the649

pore pressure at the critical state is governed purely by hydrostatic pressure and the pres-650

sure gradients imposed by external hydrological systems near the subglacial interface.651

5 Conclusion652

Temperate granular beds are highly dynamic subglacial environments. The motion653

of the overlying ice shears the subglacial till, and the corresponding deformation alters654

the hydrological system at the ice-till interface. The goal of this study is to advance our655

process-based understanding of how the porosity of a subglacial granular bed is affected656
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by laterally varying shear stresses. We represent the dynamics of shear deformation of657

till by using a three-dimensional discrete element model. Our results show that shear658

deformation creates zones of elevated porosity within the bed, even in the pseudo-static659

regime. Variability in basal speeds at the ice-bed interface elevates porosities in relatively660

narrow zones, and may facilitate the formation of canal-like hydrological structures through661

plastic failure. Porosity increases with local inertia number, the non-dimensional shear662

strain rate, but there is spatial variability in porosity at any given local inertia number.663

Shear deformation not only alters the porosity but also induces changes in the pore wa-664

ter pressure by altering the sizes of the pore spaces. For subglacial till at critical state,665

however, pore pressure equilibrates near-instantaneously relative to the time scale of grain666

skeleton deformation, inhibiting local strengthening or weakening behavior for the bed.667
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Appendix A Low Deborah number systems have approximately941

hydrostatic pressure conditions942

In Section 3.1, we estimate that the subglacial systems considered in this study have low943

Deborah numbers. As a result, spatial equilibration of pore pressure within the bed944

happens substantially faster than shear-induced grain rearrangement, suggesting that the945

pore pressure remains approximately hydrostatic in the absence of external pressure946

gradients, and that the grain-fluid interactions could be well approximated by Eqn. (4).947

To test the assumption of hydrostatic pressure conditions, we run DEM simulations using948

Sphere (Damsgaard et al., 2013, 2015) with coupled granular deformation and pore fluid949

flow.950

To perform the coupled DEM simulations, we divide the domain of the simulation into a951

collection of 10× 10× 10 cubic elements, as shown in Fig. 2. We assume that the elements952

are representative volumes where Darcy’s law holds. Darcy’s law is given by,953

q = −k
η
∇p, (A1)954

where q [m/s] is the volumetric flux rate per unit area, k [m2] is the permeability, and955

η [Pa s] is the dynamic fluid viscosity. The grain-fluid coupling is achieved by solving956

Eqn. 7 that describes the cell-scale pore fluid pressure evolution over the grid defined by957

the elements, and using the time and space dependent dynamic pore pressure gradients to958

evaluate the full form of the grain-fluid interaction term in Eqn. (3).959

We assume a constant zero pressure at the top boundary, no-flow condition at the bottom960

and lateral boundaries, and periodicity at the x-boundaries. The full details of the961

coupled grain motion and fluid flow solver are provided in Damsgaard et al. (2015).962

We run simulations for the laterally varying shear configuration with coupled fluid flow963

and plot the fluid pressure profile averaged over the last 2 seconds of the simulation in964

Fig. A1. The figure shows approximately hydrostatic profiles, which supports our result in965

Section 3.1.966

Appendix B Simple shear simulations over a range of effective normal967

stresses968

In Fig. B1, we plot the grain velocity, shear strain rate, and porosity for the simple shear969

configuration with σ = {10, 20, 30, 40, 50, 60, 70, 80} kPa. The figure suggests that the970

thicknesses of the shear zone and the zone of elevated porosity increase with effective971

normal stress σ for σ < 60 kPa, and decrease slightly beyond 60 kPa.972
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Figure A1. Pore pressure profile at the end of the lateral shear configuration, for effective

normal stresses σ = 10, 50 kPa.

Appendix C Bed thickness does not affect grain velocities973

A relatively small bed thickness in the DEM may introduce boundary effects into our974

simulations. To test whether bed thickness affects grain motion, we conduct simple shear975

DEM simulations with thicker granular beds in Fig. C1. We choose the granular bed to976

have twice the thickness as that of Fig. 2, and with twice number of grains (n = 20000).977

Our results show that grain velocity profiles do not change with the thickness of the bed,978

suggesting that the vertical boundaries do not introduce any noticeable effects into grain979

motion.980

Appendix D Fixed lateral boundaries in the model do not affect the981

porosity or shear strain rate982

In the DEM, we impose fixed, frictionless lateral boundaries to constrain the granular bed983

(Fig. 1A). To test whether the lateral boundaries introduce boundary effects that distort984

the distribution of porosity and shear strain rate within the bed, we conduct a sensitivity985

test where we simulate a granular beds with twice the width as in Fig. 5 and twice the986

number of grains (n = 20000). We perform simulations with the laterally varying shear to987

identify any potential boundary effects on either the lateral or vertical components of the988

shear strain rates.989

The results for effective normal stresses σ = 10kPa (Fig. D1) and σ = 50kPa (Fig. D2)990

show approximately similar distributions of shear strain rate and porosity as compared to991

Figs. 5 and 6. The porosity values near the center of the shear interface are slightly higher992

for the wider bed than for the regular bed (Fig. 5), but the difference is less than 5% in993

magnitude. Overall, our results suggest that porosity and shear strain rates do not change994

notably with changes in the width of the domain.995

Appendix E Using granular temperature to estimate porosity996

Prior studies suggest that the dynamics of homogeneous shear flows are well captured by997

a single parameter, the inertia number (MiDi, 2004; da Cruz et al., 2005; Henann &998

Kamrin, 2013; Azéma & Radjäı, 2014). However, the introduction of laterally varying999

shear, or even gravity, adds non-local behavior at scales smaller than the domain, thus1000
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Figure B1. Simulation results for the simple shear configuration (Fig. 1B) for effective normal

stress σ = {10, 20, 30, 40, 50, 60, 70, 80} kPa.
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Figure C1. Grain velocities for the simple shear configuration, averaged along the x-direction,

for different bed thicknesses. (A) Normal domain thickness, σ = 50 kPa. (B) Extended domain

thickness, σ = 50 kPa. (C) Normal domain thickness, σ = 80 kPa. (D) Extended domain thick-

ness, σ = 80 kPa.

requiring an additional constraining variable. The study by Kim and Kamrin (2020)1001
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Figure D1. Grain velocities for the laterally varying shear configuration with σ = 10kPa,

averaged along the x-direction, for a relatively wide bed. (A) The shear strain rate. (B) The

vertical component of the shear strain rate. (C) The lateral component of the shear strain rate.

(D) Porosity.
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Figure D2. Grain velocities for the laterally varying shear configuration with σ = 50kPa,

averaged along the x-direction, for a relatively wide bed. (A) The shear strain rate. (B) The

vertical component of the shear strain rate. (C) The lateral component of the shear strain rate.

(D) Porosity.

suggests one such potential candidate variable: granular temperature, namely, the1002
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Figure E1. Porosity φ and granular temperature Θ for the cells of six DEM simulations

superimposed together. The simulations include the simple and laterally varying shear configura-

tions for effective normal stresses 10, 50, and 80kPa respectively. The trendline, shown in black,

is calculated with ordinary least squares linear regression in semi-log scale. Data associated with

boundary cells have been removed to avoid boundary effects.

non-dimensionalized fluctuations of grain velocity,1003

Θ =
δv2

σ/ρg
, (E1)1004

where δv2 is the spatial variance of the grain velocities.1005

Given our focus on understanding the evolution of porosity in deforming granular beds,1006

we test the relationship between porosity and granular temperature. Fig. E1 shows a1007

linear relationship between the porosity and the logarithm of the granular temperature1008

across a range of simulations, including those with laterally varying shear. Our results are1009

consistent with the kinetic theory pioneered by Jenkins and Savage (1983) which posits1010

that porosity scales with the magnitude of grain velocity fluctuations.1011
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